Abstract. In this paper, we study the problem of finding the affine factorable surfaces in a 3−dimensional isotropic space with prescribed Gaussian (K) and mean (H) curvature. Because the absolute figure two different types of these surfaces appear by permutation of coordinates. We firstly classify the affine factorable surfaces of type 1 with K, H constants. Afterwards, we provide the affine factorable surfaces of type 2 with K = const. and H = 0. In addition, in a particular case, the affine factorable surfaces of type 2 with H = const. were obtained.
Introduction
Let R 3 be a 3-dimensional Euclidean space with usual coordinates (x, y, z) and w (x, y) : R 2 → R be a smooth real-valued function of 2 variables. Then its graph given by z = w (x, y) is a smooth surface with an atlas that consists of only the following patch r : R 2 → R 3 , (x, y) → (x, y, w (x, y)) .
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1 , AYLA ERDUR 2 , MAHMUT ERGUT 3 type 1 and 2, respectively. Point out also that such surfaces reduce to the factorable surfaces in I 3 when a = 0. In this manner, our first concern is to obtain the affine factorable surfaces of type 1 with K, H constants. And then, we present some results relating to the affine factorable surfaces of type 2 with K = const. and H = 0. Furthermore, in a particular case, the affine factorable surfaces of type 2 with H = const. were found.
Preliminaries
In this section, we provide some fundamental properties of isotropic geometry from [5] - [10] , [22] - [25] , [27, 28, 30, 31] . For basics of Cayley-Klein geometries see also [15, 26, 34] .
Let (x 0 : x 1 : x 2 : x 3 ) denote the homogenous coordinates in a real 3-dimensional projective space P R 3 . A 3-dimensional isotropic space I 3 is a Cayley-Klein space defined in P R 3 in which the absolute figure consist of an absolute plane ω and two absolute lines l 1 , l 2 in ω. Those are respectively given by x 0 = 0 and x 0 = x 1 ±ix 2 = 0. The intersection point of these complex-conjugate lines is called absolute point, (0 : 0 : 0 : 1) .
The group of motions of I 3 is given by the 6−parameter group (2.1) (x, y, z) −→ (x,ỹ,z) :
  x = θ 1 + x cos θ − y sin θ, y = θ 2 + x sin θ + y cos θ,
where (x, y, z) denote the affine coordinates and θ, θ 1 , ..., θ 5 ∈ R. The isotropic metric induced by the absolute figure is given by ds 2 = dx 2 + dy 2 . Due to the absolute figure there are two types of the lines and the planes: The isotropic lines and planes which are parallel to z−axis and others called nonisotropic lines and planes. As an example the equation ax + by
Let us consider an admissible surface (without isotropic tangent planes). Then it parameterizes
, where x u y v − x v y u = 0, x u = ∂x ∂u , because the admissibility. Notice that the admissible surfaces are regular too.
Denote g and h the first and the second fundamental forms, respectively. Then the components of g are calculated by the induced metric from I 3 . The unit normal vector is (0, 0, 1) because it is orthogonal to all non-isotropic vectors. The components of h are given by
where r uu = ∂ 2 r ∂u∂u , etc. Therefore, the isotropic Gaussian (or relative) and mean curvature are respectively defined by
where g ij (i, j = 1, 2) denotes the component of g. For convenience, we call these Gaussian and mean curvatures. By a flat (minimal ) surface we mean a surface with vanishing Gaussian (mean) curvature.
Proof. We have two cases:
(1) Case K 0 = 0. By (3.1), the item (i) of the theorem is obivous. If
where c 1 ∈ R, c 1 = 0. If c 1 = 1, after solving (3.2), we obtain
This proves the item (ii) of the theorem. Otherwise, i.e. c 1 = 1, by solving (3.2), we derive
for c 6 , ..., c 9 ∈ R. This is the proof of the item (iii) of the theorem. (2) Case K 0 = 0. (3.1) yields f 1 , f 2 = const. We have two cases:
which proves the item (iv) of the theorem. 
The partial derivative of (3.3) with respect to u 1 gives
Comparing last two equations leads to f ′′ 1 = 0, which is not our case.
From (2.2), the mean curvature follows
Let an affine factorable surface of type 1 in I 3 be minimal. Then, for c 1 , c 2 , c 3 ∈ R, either (i) it is a non-isotropic plane; or
Proof. If f 1 is a constant function, then (3.5) immediately yields the item (i) of the theorem. Suppose that f
. This is not our case. Then we deduce f 
The partial derivative of (3.6) with respect to u 1 gives
We have two cases:
That is a solution for (3.7) and thus (3.6) writes
which is a homogenous linear second-order ODE with constant coefficients. The characteristic equation of (3.8) has complex roots −c1 1+a 2 (a ± i), so the solution of (3.8) turns
Considering (3.9) with the assumption of Case 1 gives the item (ii) of the theorem.
, and substituting it into (3.6) gives
The fact that the left side of (3.10) is a function of the variable u 2 gives a contradiction. (ii) w (x, y) = H0 a x (y + ax) . Proof. We get two cases:
(1) Case f 
The partial derivative of (3.12) with respect to f 1 leads to
If p 1 = c 3 f 1 , c 3 ∈ R, c 3 = 0, then the right-hand side of (3.13) becomes zero, which is no possible. Thereby, (3.13) can be rewritten by dividing
Affine factorable surfaces of type 2
An affine factorable surface of type 2 in I 3 is a graph surface given by
Put u 1 = y + az and u 2 = z. From (2.3), the Gaussian curvature follows
where f
. Notice that the regularity refers to af 
The fact that each coefficient must vanish contradicts with f 2 = const. Thereby, we conclude f
. After taking partial derivative of (4.1) with respect to u 1 , one can be rewritten as
where (4.3)
To solve (4.4) we have to distinguish several cases:
(1) Case
Substituting it into (4.1) leads to the polynomial equation on f 2 2 f ′′ 1 = 0, which is not our case.
The partial derivative of (4.6) with respect to u 1 gives a polynomial equation on
f2 and the fact that each coefficient must vanish yields the following system:
By (4.7), we deduce that µ 3 = c 1 µ 1 , µ 4 = c 2 µ 2 , c 1 , c 2 ∈ R, and 
The partial derivative of (4.9) with respect to f 2 concludes 
Taking an integration of (4.11) leads to 
Comparing (4.13) and (4.14) leads to By (2.3) the mean curvature is (4.17)
Theorem 4.2. There does not exist a minimal affine factorable surface of type 2 in I 3 , except non-isotropic planes.
Proof. The proof is by contradiction. (4.17) follows f 2 is a constant, then (4.18) deduces that the surface is a non-isotropic plane. Assume that f 1 , f 2 are non-constant. If f ′′ 1 = 0, then (4.18) gives a polynomial equation on f 1 :
which is no possible because af 
The partial derivative of (4.19) with respect to u 1 and u 2 yields (4.20)
where ω 1 ω 6 = 0 because f 
where
Notice also that µ i , i = 1, ..., 4, in (4.21) must be constant for every pair (u 1 , u 2 ) . Therefore, being µ 2 and µ 4 are constants lead to respectively (4.22)
where c 1 , ..., c 4 ∈ R, c 1 = 0 because ω 3 = 0. Put 
in which the fact that coefficients must vanish yields f 
Solving (4.28) concludes which is a polynomial equation on f 1 . It is easy to see that the the coefficient of the term of degree 3 is (f ′ 2 ) 3 which cannot vanish. This completes the proves.
Conclusions
The results of the present paper and [2, 3] relating to the (affine) factorable surfaces in I 3 with K, H constants are summed up in Table 1 which categorizes those surfaces. Notice also that, without emposing conditions, finding the affine factorable surfaces of type 2 with H = const. = 0 is still an open problem.
H = 0
Non-isotropic planes; z = c 1 xy; z = (c 1 e c2x + c 3 e −c2x ) × (c 4 cos (c2y) + c 5 sin (c2y)) . In the particular case
In general case, not yet known. 
